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ABSTRACT
In this paper, some fixed point theorem are proetdted to Complete Metric Space, in which the

fixed point theorems in A Meir Emmatt [4], Brouwf], Caccioppoli [8] and Dolhare U P [1,2,3] as
special cases. By fixed point technique, we find fixed points which are invariant under the actan
functional equatiorf(x) = x by Generalizing Some Fixed Point Theorems. Wegrdnique fixed point
theorems for self-maps satisfying some contradiype conditions. In this paper we prove the cantina
mapping theorems states that a strict contractioa oomplete Metric Space has a unique fixed poliite
generalization of contraction mapping in completetrio space which include some fixed point resafts

Banach , Cric L. B., Kannan ,Sehgal , EdelstBias and Gupta , in complete metric space as @atpe
cases
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1 INTRODUCTION::

The French Mathematiciat. Poincare [1854-1912] first recognized the importance of $iedy of
the nonlinear problems. Since then several metihade been developed for proving the fixed point by
generalizing the fixed point theorems in Completetifi¢ Space. The study of fixed points of Selfmapgpi
satisfying contractive conditions which is one bé tresearch activity. Metric fixed point theory dis®e
Banach fixed point theorem (1922). Fixed point theorene applied in various fields of science. The theory
started with the generalization of the Banach fixgdnt theorem using contraction and non expansive
mappingsCaccioppoli [ 8 ],M.S. Khan [9], SK. Chatterjea[10], also Rhoades B.E. Cric[13] worked On
these mappin@hage, Dolhare U.P. and Andrian Petrusel used non-selfmaps to obtain some fixed point
theorems in metric spackl.S.Khan proved some interesting results for multivaluedticmrous mappings.
We also generalized the resultGiftterjee s.[10] to expansive selfmaps and non-selfmaps.

2. COMPLETE METRIC SPACE:

We need the following definitions for to prove fireed point theorems.

Definition (2.1):Dolhare U.P.[2] Let (X,d) be a metric space, A sequer{ag;} in X is called a Cauchy
sequence if for any > 0, there is am, € N s.t.d(x,,, x,,) < € foranym = n.,n = n,

Theorem 2.1 : Any convergent sequence in Metric Space is a CaBelmpence.Proof : Consider thaf} is
a sequence which convergesctoLete > 0 be given, then there is @ahe N such that (x,,, x) < 5/2 for all

n € N. Letm,n € N be such thath > N,n > N then

d(xm, xp) < d(xp, x) + d(x,, x)

<-+

N| ™
N| ™

=&

Definition 3.2 : Dolhare U.P.[3] Let (X, d) be a metric space. A mapping f: X — X is called a contraction or
contraction mapping if there exists a number @ < 1 such that

d(fe,fM) <adxy) e (3.1)

For all x,y € X and « is called the contraction coefficient.

Thus, a contraction maps points closer together in particular, for every x € X, and any r > 0 all points y in
the ball B,(x) are map into a ball B;(f,) with s < r. Some times a map satisfying equation (3.1) witha =1
is also called a contraction, and then map satisfying (3.1) with @ < 1 is called a strict contraction. It follows
from (3.1) that a contraction mapping is uniformly continuous.

If f: X — X, then a point x € X such that

f&)=« L. (3.2)

is called a fixed point of f.

Definition 2.1 :Dolhare U.P.[1] Let X be a set and f: X — X be a map. A point x € X is called a fixed point of
fiff(x) =x.
i.e. If f is defined on the real number by f(x) = x? — 7x + 12. We know that x = 3,4 are roots of the

X2 +

equation. Let us consider f(x) = x. Where f(x) = then x = 3 and x = 4 are two fixed points of

f (0.

Hence{x, } is a Cauchy sequence.
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Definition 2.2 :Dolhare U.P. [3] A Metric Spac€X, d) is said to beomplete if every Cauchy sequenceXn
converges to a point ix.

Definition 2.3 : Let (X,d) be a Metric Space, A mappirfgX — X is called a contraction if there exists a
numbera < 1 such that

d(f(x),f(y)) S ad(x,y) e 2.1

for all x,y € X anda is a constant.
Definition 2.4 Caccioppoli [8]: A mappingT:X — X where (X,d) is a Metric Space is said to be a

C-Contraction if there existsr € (0%) such that for alk, y € X, then the following inequality holds

d(T.T,) < a(Cad(x,T,) + d(3.Ty)) e 2.2

The concept of C-Contraction was defined by S.Kt@haa [8] in 1972 and he proved thatf, d)
is a Complete Metric Space, then every ¢ — contracinX has a unique fixed point.

Theorem 3.1 : Dolhare U.P.[1] Let (X, d) be a complete metric space and T: X — X be satisfying
d(T., Ty) <a-d(x,y), Yx,yeX ... (3.3)
Where 0 < a < 1. Then T has a unique fixed point in X.

Theorem 3.2 : Dolhare U.P.and Bele C.D.[2] Let f be a self maps of f-orbitally complete D- metric space X
satisfying

(x,y, Z)p(C Sy fz ) = A p (where 0 < A<1 then f has a unique fixed point.

Theorem 3.3 : Dolhare U.P.[ 1] :Let (X ,p) be a complete metric space and f be a self map on X such that f?
is continuous if g : f(x) = X such that g f(x) € f?(x) and g (f(x) )=f( g (x) ) both sides are defined for all x,y
€f(x). Then f and g have unique common fixed point.

In Khan (1976), the following fixed point theorem is gealered as follows.

Theorem 2.2: Khan [9] Let T be a self mapping of a complete metric sgcd) and satisfying

1
d(TT,) < a(d(x, T, )d(.T,)) /2 o n 2.3

forallx,y € X and0 < a < 1, then T has a unique fixed point.

Theorem 3.4 : (Sehgal V.M. [12]) Let (X, d) be a complete metric space, and f: X — X a continuous mapping
satisfying the condition ; there exists a k > 1 such that for each x € X, there is a positive integer n(x) such
thatforally € X

d(frO) P O@) <kdy,x) 0O

Then f has a unique fixed point u and f™(x,) — u for each x, € X.

Definition 2.5: A function y: [0,%0) — [0,) is called an altering distance if ()(0) =0 and (2)¢ is
continuous function and monotonically non-decregsin

D.P.Shukla and Ruchira Sing [7] generalized thiwfahg theorem.

Theorem 2.3 : Let (X,d) be a complete metric space. bfebe an altering function, and LEtX — X be a
self-mapping which satisfies the following inequali

¥ (d(ffy)) < c () 2

forallx,y € X and0 < ¢ < 1, thenf has a unique fixed point.
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Theorem 1: [Jaggi D. Sand Jaggi | [11]: Let f be a continuoug { = 0 if and only ift = 0.self-map
defined on a complete metric space,(d ). Further, Let f satisfy the followingnztition.

xd(x,f(x)) d,f(¥))
d(f(x), f(y))< 22D + pd(x, y)

forallx,y € X, x#yand forsome<,s €[0,1)withc+ <1, then f has a unique fixed poinkin
D.S. Jaggi generalized theorem 1 for some integas follows.

Theorem 2 : [JaggiD.S.] [11]: Let f be a self-maide on a complete metric space ( X, d ) such that
for some positive integer m, f satisfy the ctadi

ocd(x,fm(x)). dw.fm )
ax.y)

d(f™ (x), f"(y)) < +Bd (x,y) forallx,yeX, x#yand forsomex,p [0, 1) with

o« +B < 1. if f"is continuous then f has a unique fixed point.

Jungck proved the following theorem for f—contratipoint- to- point mapping for fixed point .

Theorem 3:[Jungck ][ 13]: LetX be a complete metric space. Let f and g be comgiabntinuous self-
maps onX such that g(x) < f(x) further, let there exist a constane (0,1) such that for every x , y K

d(g,9) <«xd(ffy)

then f and g have a uniqgue common fixed point.

Theorem 4: [ Lj. B. Ciric ][ 14] : Let X be a complete méairspace. Let f be a self-map on X such that for
some constant € (0,1) and for every x,yin X.

d(fx f) <ocmax{d(x,y), d(x,§, dly, f), d(x, £), d(y,}

Then f possesses a unique fixed point.
In 1980 the Jaggi and Dass [11] generalized soxee fpoint theorems with the mapping satisfying

d(x, f)d(, fy)

.25
d(x,y) +d(x f,) +dW, f)

d(ijfy) <ad(x,y)+p

forallx,ye Xandfora+p <1

MAIN RESULTS

We generalized the inequality (2.5) by using (2212) with the help of (2.4) as follows

Theorem : Let (X,d) be a Complete Metric space and fdbe a mapping fronX into itself. Suppose thgt
satisfies the following condition

. 2.6

d(x.f,) +dG. f) ) )

Afety) < <d<x,fx> Fd0n ) +1

for all x,y € X, thenf has at least one fixed point
Proof : Consider the sequenge,} such thak,,, = fx, and letx, € X be arbitrary, then

d(xn+1'xn) = d(fxnvfxn—l)

< < d(xp, xn) + d(xp_1, Xn41)
B d(xnl xn+1) + d(xn—llxn) +1

d(xn—l'xn+1) )
< d(x,, X —
<d(xn; xn+1) + d(xn—lrxn) +1 e 1)

) d(xnl xn—l)
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d(x,_1,x,) +d(x,,x
s( (-1, %) + Ay Xt1) )d(xn,xn_l) 2.7
d(xn' xn+1) + d(xn—lfxn) + 1
d(x,_1,%,) +d(x,, x
Consider, a, = (-1, %n) (¥, Xn 1) .. 2.8

Cd(Xy Xpgr) Fd (o1, xn) + 1
By using (2.7) and (2.8), we have
d(Xn+1,Xn) < @nd (X, Xn_1)
< (anap-1)d(xp-1,%n-2)

< (apan-1an-2)d(xXp_2,Xn_3)

< (@pap_q - a1)d(x1,%0)

Suppose that, a,, = (a,, ap—y, .., a1)

o0

. . Opt1 .
Since, lim—2==0 ie. Z ap <o
p—0 ap

p=1

This shows that,

m—1
Z (ocp Ap_q - al) -0
p=n

As m,n — o, this shows thatx,} is a Cauchy sequence and which convergeswinerex € X. This shows
that f has a unique fixed point. In this paper we are also generalized new raltiexpression in Complete
Metric Space and find out fixed point by generailigfixed point theorems.

Theorem 3.11 : Let (X, p) be a complete metric space suppose f is contraction mapping and 1 is a constant
for f and A™ is the constant for f™. Then f™ is also a contraction and f™ has a fixed point.

Proof : Firstly we will show that the theorem is true for n = 2. Since f is a contraction consider 1 < 1, then

d(f(x),f() < 2d(x,y)
We can apply f to f(x) and f(¥) such that
d( 200, f2() < 2d(fC. fO))
Since d( f(x), f(y)) < Ad(x,y)
d(f2(0), f2() < 2d(f(), f()) < A%d(x,y)
Thus, d( f2(x), f2(y)) < 2%d(x,y)
Since 1 < 1,A% < 1 then f™ is a contraction,

Since f™ is a contraction then it is true that f™*1 is also contraction
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d(f*1C0, M) < A A(f (), f()) < AT (x,y)
Thus, d(f™1C0, M) < A (xy)

Thus by induction the theorem is true for all n. If f(x) = x, then

P =f(f(x) =f(x) =x
Then f*(x)=x
Hence by induction f™ is contraction and f™ has the unique fixed point.

CONCLUSION : In the present paper we used contraction mapping.By using contraction Mapping we can
find out unique fixed points of self maps in complete Metric Space.
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